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Properties of the Taylor Series Expansion 
Coefficients of the Jacobian Elliptic Functions 

By Alois Schett 

Abstract. Properties of the Taylor series expansion coefficients of the Jacobian 

elliptic functions and tables for the first fifteen leading terms are given. Relations 

of these coefficients with the randomization distributions are shown. 

Little is known about the Taylor series expansion coefficients of the Jacobian 
elliptic functions sn(u, k), cn(u, k) and dn(u, k). No recurrence formula exists for 
these coefficients. Only four to five leading terms of the series are given in literature 

([1], [2]). 
We present in this paper properties of these coefficients, show relations between 

them and randomization distributions [3, p. 51], and give tables for the first fifteen 
leading terms. 

We consider the differential equations 

d Y1(U) 
- 

C1y2(u)y3(U) = 
0, du 

(1) d Y2 ( -) C2y1(u)y3(U) = 0, du 

d Y3(U) 
- C3y1(u)y2(u) = 0- du 

Solution functions of (1) for C1 = 1, C2 = - 1, C3 = - are the Jacobian 
elliptic functions v1 = sn(u, k), Y2 = cn(u, k), Y3 = dn(u, k) ([1], [2]). 

The formal Taylor series of the functions y1, Y2, Y3 read 

co(u - u0)n ...CJ'21 l? ' 

y(u) = E ! ? ajj2j3C1 2 3 Y10Y20Y30 
n=0 

(2) w 
(U o n! [ b hi 2 (-3 SI "2 s3r 

n n!=LE n !hh2h3 1 C22C3jY10Y20y330J 

n=0 

The summation over the indices il '2' 13; h1, h2, h 3; rl, r2, r3 and their relation to 
the exponents of y10, Y20, y30 are specified in Theorem I. 

Ym0 =Ym(Uo) (m = 1,2,3). 

For uo = 0, Y10 = 0, Y20 = Y30 = 1, this series is convergent in the region lul < K' 

[2], where 
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K' = K(k') - 7/2 dO 2 
0 K1 - k'2 sin20) ' 

For the explicit series of (2), the elements ail j2j3, bh1h2h3, Crlr2r3 have to be 

determined and summation over the indices has to be specified. 

THEOREM I. ail 2 j3 # only for 

1 = 1, 2,. ,j 1 n/2 for n even, 
1' ~ (n + 1)/2 for n odd, 

i2 = ?, 1, *-- J2; i J jn/2 for n even, 

j3 = O. 1, *.*, J3; 21 3 (n - 1)/2 for n odd, 

and I1. 121 j3 satisfying the relation j, + ?2 + ?3 = n. il, i2, i3 is obtained from the 

relations ii = n + 1 - 2jl, i2 = n - 2j2, i3 = n -2j3. bhlh2h3 #0 only for h1 = j1 

h2 =ij, h3 j2- 
The exponents s1, S2, S3 are related to h1, h2, h3 as follows: s1 = n - 2h1, s2 = 

n + 1 -2h2 s3 = n - 2h3. Crjr2r3 
0 O only for r1 =12, r2 = 3, r3 il - The 

exponents q1, q2, q3 are defined by the relations q1 = n - 2r1, q2 = n - 2r2, q3 

n + 1 - 2r3. 

For uo = 0, i.e., 

yl(uo = 0) = sn(O, k) = y. Y2(U0 = 0) = cn(O, k) 1, 

Y3(UO = 0) = dn(O, k) = 1, 

we obtain 

aj j #j 40 only for!1 = (n + 1)/2; j2 = 0, 1, ... , (n - 1)/2; n odd, 

bh h h# O only for h3 = n/2; h1 =0, 1, ..., n/2 - 1; n even, 

Crlr2r3 : 0 only for r2 = 1/2; r3 = 1, 2, .. , n/2; n even. 

In the following table the elements ail213' bhlh2h3, Crlr2r3 and the exponents 

il i2, i3; S1' S2' s3; qj, q2, q3 are given as an illustration for n = 3 and n = 4. 

TABLE I 

n 3 aj1j23 i1 12 13 il i2 i3 bhlh2h3 hi h2 !3 S1 S2 s3 Crlr2r3 rl r2 r3 q1 q2 q3 

1 2 1 0 0 1 3 4 1 1 1 1 2 1 4 1 1 1 1 1 2 

1 2 0 1 0 3 1 1 1 2 0 1 0 3 1 1 0 2 1 3 0 

4 1 1 1 2 1 1 1 0 2 1 3 0 1 1 0 1 2 3 1 0 

n=4 14 2 1 1 1 2 2 4 2 1 1 0 3 2 4 2 1 1 0 2 3 

1 2 2 0 1 0 4 1 2 2 0 0 1 4 1 2 0 2 0 4 1 

4 1 2 1 3 0 2 14 1 2 1 2 1 2 14 1 1 2 2 2 1 

1 2 0 2 1 4 0 4 1 1 2 2 3 0 4 1 2 1 2 0 3 

4 1 1 2 3 2 0 1 0 2 2 4 1 0 1 0 2 2 4 0 1 
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The following identities and symmetries are valid: 
THEOREM II. 

a,, =b. . .=c 
1i 21j3 1j31112 

= 
Cj2 63 i 

' 

ail1213 ail 6 i2; 

and therefore, 

a 13112 12ili3' 

Ci2 6 il =Ci3 i2 l' 

Theorems 111/i. 111/2 and 111/3 show relations between the randomization distribu- 
tion and the elements ailj2i3 bhlh2h3 and Crlr2r3- 

THEOREM 111/1. The sum of all elements aj1 12i3 for a given n is equal to n!. 
Example: n = 4. 

a112 + a121 + a202 + a211 + a220= 4 + 4 + 1 + 14 + 1 = 24 = 4! 

THEOREM 111/2. For a given n = 2, the following relation is valid: 

J3 

a, 1 ii2i 6> R Uj 2' j2 = 0, 1, J2, 

where RUj2 is the number of permutations of n natural numbers with 12 runs up. Tables 
of the numbers RUj2 are given in [3, p. 260, Table 7.2.2]. 

Example: n = 3. 

a201 = 1 =RUo, a210 +a1l = 1 +4=5=RU1. 

Permutations One run up Zero run up 
(underlined) (underlined) 

123 123 123 
132 132 132 
231 231 231 
213 213 213 
312 312 312 
321 321 321 

Total 6 = n! 5 = RU1 1 =RU0 

THEOREM 111/3. For a given n > 2 the following relation is valid: 

J2 

z ai1l213 =Pj1 j1 = 1, 2, * J1 
w2 =o 

where P.1 is the nuimber of pruain fnntrlnmeswt -1pas h 
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numbers P. are tabulated in [3, p. 261, Table 7.3]. 
11 

Example: n = 3. 

aZi= 4 = PI, a201 + a210 = 1 + 1 = 2=P2. 

Permutations One peak Zero peak 
(underlined) (underlined) 

123 123 123 
132 132 i32 
231 231 231 
213 213 213 
312 312 312 
321 321 321 

Total 6 = n! 2 = P2 4 = P1 

Similar results can be obtained for bh 1h2h3 and cr1r2r3 using Theorem II. 
These theorems can be proved by mathematical induction. Theorem 111/1 follows 

from Theorem 111/2 or Theorem 111/3 since the number of permuations of n natural 
numbers is equal to n!. 

Table 11, in the microfiche section attached to this issue, lists the elements a,1 j2 j3 
for n = O. 1, 2, ... , 15. 

Putting uo = 0 the explicit terms of the series for sn(u, k), cn(u, k) and dn(u, k) 
read (Theorem I, Theorem II and Table IL): 

sn(u, k)= u - (1 + k2) 3! + (1 + 14k2 + k) 5! (1+ 135k2 135k4?k6 ! 

+ (1 + 1228k2 + 5478k4 + 1228k6 + k8) U9 
9! 

-(1 + 11069k2 + 165826k4 + 165826k6 + 11069k8 + k1o) U11 

+ (1 + 99642k2 + 4494351k4 + 13180268k6 + 4494351k8 

+ 99642kl0 + k12) 133 

-(1 + 896803k2 + 116294673k4 + 834687179k6 + 834687179k8 

+ 116294673k10 + 896803k12 + k14) +* 
15! 

- 

0 
(01(no -1)I2 (no -1)/2 k2j2 un no ? 1 

nO1 ;(no odd) ( /2=? 12j 2 

(terms for no < 7 are given in [2]); 
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cn(u, k) = - + 4k2) (1 + 44k2 + 16k4) 4! ?426! 

+ (1 + 408k2 + 912k4 + 64k6) 8 

-(1 + 3688k2 + 30768k4 + 15808k6 + 256k 10! 

+ (1 + 33212k2 + 870640k4 + 1538560k6 + 259328k8 + 1024k10) 12! 

-(1 + 298932k2 + 22945056k4 + 106923008k6 + 65008896k8 

+4180992k1 +40960 2) 14!+ 

=1+ ~~~ (_I~)fleI2 f/2k2hl ue 3lI =I + E _lne E bh h h3 
k n) I h3 =ne12 

ne=2; (ne even) h 1- e- 

(terms for ne < 8 are given in [2]); 

dn(u, k) = 1 - k2 u + (4 + k2)k2 !- (16 + 44k2 + k4)k2 6! 

? (64 + 912k2 + 408k4 + k6)k2 u8 

- (256 + 15808k2 + 30768k4 + 3688k6 k8)10! 

+ (1024 + 259328k2 + 1538560k4 + 870640k6 + 33212k8 + klo) 

- (4096 + 4180992k2 + 65008896k4 + 106923008k6 

+ 22945056k8 + 298932k 0 + k2) u 14k **! 

00 /2 e/7 2(r3- )\ Uk2P 
= 1? L (_l)ne/2 E Cr k 3 f I , r. = ne12 

ne-2;(ne even) r3 
r 

1 e 

(terms for ne < 8 are given in [2]). 
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Saclay, France 
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TABLE 11! The elements a. for n = 0, 1 2, . 15 are tabulated Only the 

indices 2*are explicitly given: 13 n-j -; (see Theorem 1). RU is the 
J42 

number of permutations of n natural numbers with j2 runs uP and P is the 
2~~ 

number of permutations of n natural numbers with jI-I peaks. The elements 
bhp h and cr r]r can be obtained from a - using Theorem LI. 

P2 3 1 2 3 14) ^ 
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Table 3. (kL)-mthods of highlftt error order vltb S > 0 

k 1 2 

2 3 4 1 2 3 

c l 11 1 2 1 2 3 1 2 3 4 7 1 14 

1 -7 -l 29 1 -1 
0 

4 16 16 128 16 48 
1 I 1 1 1 1- 

ct2 1 1 1 1 1 1 

?~~~ 20 l 1 3l 7 
1 

ol 21 10F - 010 0 Is 0 2 1 0 37 1 5 0 0 A 0 - 7W 0 

2 1 3 3 4 2 4 1 0 16 8 32 32 16 
ST 7 T5 7 231 oW TW 1W 

7 2 12 10 VT 13 34 
012 77T i 

020 ~0 0 -0 0 '1 TT 0 0 0 0 0 0 

1 1 -3 1 1 1 1 -3 1 1_ 201 | 7| ~ ? lo 0ls 1 0 16 Bf0l 
21 0 I I I I 

-2 -2 -1 -B 10 
022 ~TY 7 IT 7 WW 

030 ~~~0 0 07 W 0 0 0 0 0 0 
301 1 1 2 1 1 1 

31 2 1 il 0 0 0 
2 2 4 

032 77 T 1 

0 ~~ ~~ ~~~~0 0 0 0 
40 

3 i 8 ?~~~-1 -1 -1 -?1 
041 

042 



Microtiche p.2 
Table 3 continuationn) 

23 
______ ~4 2____3 __ _ 4 

2_ 7 2 
--1 3 -1 _-;- _2 _ 
g 

_ 
T....1 . ... 2 1 =. . 

103 -19 11 1 -2 16 2 -688 29 1 -8464 

256 256 512 352 9 81 - 27 8019 729 81 150903 

18 0 162 11664 3645 1377 104976 '2 54391i1 11 - -|28 71' 

3 
1 1 1 1 1 1 1 

38 26 -2 4 30 -6 13896 
10 IW0 2 0 271955 

256 768 64 128 54 2916 -243 -81 406782 
011 137 1T7 | T |IT 24 27 7 2719533 

168 676 100 74 108 108 1458 972 243 577368 
012 I2 8I I 1 I7 m 1? 17 7173 

B l l l l | 6 44 6 1854 1377 1209 113064 
13 IT ?7 IT 28 Xf 215 

26 2 18 1656 
20 r7~~3~ ~ 0 0 0 0 7 

T 0 0 

021 | 128 128 32 16 m 0 -729 0 0 13122 

-164 -28 -26 -62 1458 486 81 -52488 
r7W~~~ ~ V7 ~~~3T 0 0 

4 
-~I 

P 7I 
-6 1-18 -297 -252 -117 -19188 

023 27 m T7 121 27195 

72 
030 1 4 |?|4 0 0 0 0 0 0 72I 

128 64 0 0 0 0 0 8748 
B31 iT3 |x' 77111I ?Io|TWS 

16 4 32 28 17496 

640~~~~~~~~~ ~~~~~~~ O 0 . 
218 18 9 1584 

02 5 30 0 0 0 0 
40 

04 0 0 0 0 0 

02 -2 -2 -2 -2 0 

-54 
043 27 
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Table 3 (oontinuation) 

L ___.-_ ' _1 m 
2 71 

2 3 
g ? 1 y~~~~~ T T IT T 7 1tll 1f 7 1: . 

196 32 8 3 -53 3 5031 -9 -3 
0< 2 0 4 5I MT 315 III 441J79 

1 243 -8019 2187 | t 16 512 -64 1m40288 -5888 128 

10692 23328 52488 36 432 -864 373248 81648 9072 
A2 4759 A'7?_ wR0l7 9 W7 

. 48 512 -192 285696 112896 53376 
3 1117 4770 372W 1117W 

Z4 1 1 1 1 1 1 

-160 -24 12 -1404 18 
10 12 ~-I 00 0 610 15677 IWE O m 47705 37235 

3402 13122 -486 256 52224 1536 
ll 2D139 1537 S~WT485 4770Th 3'72'35 17496 110808 19440 864 432 46656 31104 -2592 
12 15575 502 ITT 1l7 71 137 417 

27556 72444 29136 768 1152 82944 18432 16128 
13 613777 I n f 48541777o T 7 

12 40 516 3744 1422 21324 
814 7 7 1117 9541T 17W 

20 ~'I3~' 0 0 0 0 -108 620 2045 4 770f5 
oO 

486 1458 9216 
76~751 0 O 477U 3 

81 972 11664 3888 46656 -7776 
22 2045' 1567" 5 02177 ?7 3720 
8 -1704 -13932 -7254 27648 13824 6912 

23 ~W43W ~3o"7 0 0 773 j7' 623 167 52I 4770F 7 
-24 -72 -540 -2448 -3960 

824 1117 3723 57 

30 

831 

832 1 648 3888 0 0 0 0 
83 1332 936 156 

133273 
936 

0 0 0 
P33144 144 288 

834 4417779L I 17 

800 0 0 

841 0 0 0 

82 0 0 0 
-6 -54 -54 

843 205 1565753 

44 



Microfiche pA 
Table 4. Truncaticm errors and stability of (kA)-methoxs of 

highest |k ? | order C | Stability order for a -[ p|l __ 1 1 | -1/2 given e > o. 
1 1 1 -1/2 stable 

2 1 3 1/72 stable 
-- -_ t 

2 2 1/6 stable 
1 5 -1/7200 stable 

1 3 _2 4 -1/480 stable 
3 3 -1/24 stable 
1 7 1/1411200 stable 

4 2 2 6 1/75600 stable 
3 5 -- ,1/3600 stable 
4 4 _1/120 stable 

1 1/2 2 -2/9 stable 

2 1Z2 5 1/1035 stable 
1 _ 1 4 1/255 stable 

1/2 8 -1/1122660 stable 
2 3 1 7 -1/189000 stable 

-____ 3/2 5 -1/2205 stable 
1/2 _ 11 1/3358624500 stable 

4 " 1- _ _ 10 1/428793750 stable 
3/2 8 1/2840670 stable 
2 7 _ 1/442260 stable 

1 1/3 3 -3/22 stable 
2 , 1/3 7 3/27160 stable 

. 2/3 5 3/1870 stable 
113 11 -31266912800 unstable 

3 2/3 9 -3/8083600 stable 
_1 8 -1L679840 stable 
1/3 15 9/30489418960000 unstable 

4 _ 2j3 13 157 342485200 stable 
1 12 3/31346315000 stable 

4/3 9 3Z35205100 stable 
1 1/4 4 -12/125 stable 
2 1/4 , 1 9 4/254625 stable(') 

1/2 7 6/39095 stable 
1/4 14 -8/41783616875 unstable 

3 1/2 12 -4/931805875 unstable 
- ___ 3/4 9 -4/7731325 stable 

() This metho'C has the essential root C 2 - -1 with the growth 
para r t1e 


